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O Abstract 

(N 

^ This paper has two main goals. First, we give a complete, explicit, and computable solution 

to the problem of when two simple closed curves on a surface are in the same orbit under the 

^4 Johnson kernel. Second, we develop an approach to the Johnson filtration and the Johnson 

homomorphism which is functorial under inclusions of subsurfaces. The key point is that the 
latter reduces the former to a finite computation, which can be carried out by hand. In particular 
this solves the conjugacy problem in the Johnson kernel for separating twists. One result of 

i 1 independent interest is the complete description of the restriction to subsurfaces of the lower 

central series of a surface group. 

q 

^ 1 Introduction 

| This W e r haS „ mafa g oa, «. W e gi ve a COmpl e te , e Xp «, a nd — e Sotati o„ t o th e 

problem of when two simple closed curves on a surface are in the same orbit under the Johnson 
t— I kernel. Second, we develop an approach to the Johnson filtration and Johnson homomorphism 

which is functorial under inclusions of subsurfaces. The key point is that the latter reduces the 
former to a finite computation, which can be carried out by hand. 

^1 Mapping class group orbits. Let X = S 9i i be a surface of genus g with one boundary 

component. The mapping class group Mod(S) is the group of self-homeomorphisms of £ fixing dT, 
up to homotopy fixing <9S. Given a subgroup T < Mod(S), one basic but fundamental question is 
to determine when two simple closed curves lie in the same orbit under T. When F = Mod(S) is 
the entire mapping class group, the answer follows from the classification of surfaces and was known 
to Dehn: a complete invariant is the genus of the subsurface cut off by the curve, or if the curve 

^ does not separate the surface. 

Torelli group orbits. The Torelli group is the subgroup of Mod(S) consisting of homeo- 
morphisms acting trivially on the homology of S. The question of when two simple closed curves lie 
in the same orbit under the Torelli group is more subtle, and was resolved by Johnson in [5]. One 
obviously necessary condition for two curves to lie in the same Z(X)-orbit is that the two curves 
must be homologous. Johnson proved that for nonseparating curves this is also a sufficient condition. 
For separating curves this invariant is trivial, since any separating curve is nullhomologous. However, 
in this case we have another necessary condition: the subspaces of homology cut off by each curve 
must coincide. Johnson proved that for separating curves, this is again a sufficient condition. 

Johnson kernel orbits. The Torelli group is the beginning of a natural filtration on Mod(S), and 
the next term is the Johnson kernel /C(S). Johnson [7] proved that /C(E) is exactly the subgroup of 
Mod(S) generated by Dehn twists about separating curves. In this paper, we extend Johnson's work 
to the more difficult question of when two simple closed curves lie in the same orbit under /C(S). 
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Orbits of nonseparating curves. We first consider the case when the curves are both nonsepa- 
rating. Since /C(S) is contained in Z(S) we know the curves must be homologous to have any hope 
of being in the same /C(£)-orbit, so assume that 7 and 5 are two nonseparating simple closed curves, 
both representing the homology class a G -ffi(E). Note that there is a natural symplectic form u 
on ffi(E) defined by taking uj(x,y) to be the algebraic intersection number of x and y. Thus we 
may speak about the perpendicular subspace a 1 - < Hi(L); since the form is symplectic, note that 
a G a -1 . 

Theorem 1.1 (Orbits of nonseparating curves). // 7 and 5 are nonseparating curves homologous 
to a G -ffi(£), there is an explicit, computable, surjective invariant 

d a (^,5) G a 1 Aa i /aAa i 

defined in Definition al '.J\ with the property that: 

d a (7,5) = <J=^ 7 and 5 lie in the same fC(Yi)-orbit 



Orbits of separating curves. We now consider two separating curves. Any separating curve 
cuts S into two subsurfaces, one containing the boundary <9£ and one not. This induces a splitting 

ifi(E) = V®V ± 

where V is the subspace spanned by the subsurface not containing the boundary. The subspaces 
V and V 1 - are necessarily symplectic subspaces, and orthogonal with respect to the algebraic 
intersection form. We denote by ujy G /\ 2 V the restriction of the symplectic form uj to V . 

Theorem 1.2 (Orbits of separating curves). If 7 and 5 are separating curves cutting off the 
symplectic subspace V < ffi(S), there is an explicit, computable, surjective invariant 

d v h,5) g (v <g> A 2 v x ) e (v 1 - <g> A V) / (v ± ®u v ) 

defined in Definition \ 7. 7\ with the property that: 

dv(j,6) = <^=^ 7 and 5 lie in the same fC(Y,)-orbit 

From the arguments in Section [7] it will be clear how to extend these results to other configurations 



of curves; for example, it would be very easy to extend Theorem 1.2 to arbitrary collections of 



separating curves, or to nonseparating collections of nonseparating curves. 

Johnson homomorphism for subsurfaces. All these computations rest on a new machinery 
for understanding the Johnson homomorphism. The Johnson homomorphism r: X(S) — > /\ 3 Hi(T,), 
defined by Johnson in [3], is the most important invariant for elements of the Torelli group. In 
his thesis, Putman [10] developed the theory of "partitioned surfaces" and used them to define 
the Torelli group on subsurfaces. The key benefit is that this makes it possible to apply inductive 
arguments, which have been fundamental in the analysis of mapping class groups for decades, to 
the Torelli group as well. In this paper we extend Putman's work by defining for any partitioned 
surface S the partitioned Johnson homomorphism 

r 5 :X(S)^iy s . 



In Theorem 5.12 we prove that this partitioned Johnson homomorphism is natural under inclusions 



of subsurfaces. This explains and gives new perspectives on all of Johnson's computations for 
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the Johnson homomorphism. In particular, using the partitioned Johnson homomorphism, any 
homeomorphism which is supported on a smaller subsurface can be analyzed locally on that 
subsurface. In practice this reduces all the calculations needed for the main theorems to trivial or 
nearly-trivial computations. The key result necessary for the theorems stated above is a computation 
of the image of rs- 

Johnson filtration. The technical heart of the paper is a concrete description of the central 
series induced on a subsurface from the lower central series on the larger surface, and an explicit 
presentation for the associated graded Lie algebra, carried out in Section [3] This lets us define the 
entire Johnson filtration on any partitioned surface in Section [4} One surprising corollary is that 
the restriction of the Johnson filtration to a subsurface only depends on the homological partition 
associated to that surface, and not on any higher-degree data associated to the embedding. 

Acknowledgements. This paper is based on the author's Ph.D. thesis at the University of 
Chicago. I am deeply grateful to my advisor Benson Farb for his constant encouragement, his 
guidance, and his unwavering support. I am grateful to Vladimir Drinfeld, Aaron Marcus, Dan 
Margalit, and Andy Putman for many helpful conversations. Finally, I thank Benson Farb and 
Andy Putman for suggesting this problem. 

2 Background 

2.1 Partitioned surfaces 

Let S be a compact connected surface with nonempty boundary, with a partition V of its set of 
boundary components ito(dS), and a basepoint * G OS; we call £ = (S,V, *) a partitioned surface. 
This notion was first used by Putman in [10] . We distinguish the subset Pq G V which contains the 
component containing *. 

The metaphor underlying all our terminology regarding partitioned surfaces is that S is embedded 
into a larger surface S' , and the partition V records which components can be connected by a 
path in S \ S. We say that two boundary components are connected outside £ if they lie in the 
same subset P € V . A separating curve 7 on S is called V -separating (or just separating if the 
partition is clear from context) if each subset P G V of boundary components lies entirely on one 
side or the other of 7. We say that a boundary component z is separating if {z} G V, and that the 
partition V is totally separated if each boundary component is separating. If V contains only a 
single element (and l^o^S 1 )! > 1), we say that £ is nonseparating, since in this case no curve on 
S which separates any boundary components can be P-separating. We denote the mapping class 
group of S by Mod(S') or Mod(£) depending on context. (Note that we require elements of Mod(£) 
to fix each boundary component pointwise.) Throughout this paper, Dehn twists are twists to the 
right. 

If S is a subsurface of a surface S' , we say that a path lies outside S if it is contained in 
S' \ S. If S' is a closed surface, S inherits a partition of its boundary components from <S" by 
defining two components of dS to be connected outside £ if they can be connected by a path 
outside S. More generally, if S is a subsurface of a partitioned surface £', S inherits the structure 
of a partitioned surface £ = (S, V,*) as follows. The partition V is defined by saying that two 
components zi, z% G iro (dS) are connnected outside £ if either there is a path outside S from z\ 
to Z2, or there exist components z[, z' 2 G iro(dS') with paths outside S from Zi to z\ and such that 
z[ and z' 2 are connected outside £'. For the basepoint * we choose any point in dS that can be 
connected to *' by a path outside S. 
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2.2 The Torelli group 



In this section, we define the homology of a partitioned surface £, which we denote by i?(£); this 
originally appeared in Putman [TU] using a different but equivalent definition. Given a partitioned 
surface £, we construct a totally separated surface £ = (S, V,*) with a canonical embedding £ — >• £. 
For each subset P G V with |P| = n, we take a surface So.n.+i °f genus with n + 1 boundary 
components, and glue all but one of these to the n boundary components in P. (Notice that when 
n = 1 this operation is effectively trivial.) The resulting surface S has |-7To(<9S)| = \V\; the partition 
V is the totally separated partition consisting of singleton sets. We take * £ dS to be any point so 
that * and * lie in the same component of S \ S. The role of the embedding £ — > £ is captured 
by the property that those components of S that are connected outside £ are exactly those that 
are connected outside S in S. This embedding is universal, in that any embedding £ — > T with T 
totally separated factors through £ — > £. 

The inclusion of dS into S gives a map from Hi(dS) to Hi(S), and we denote its image by 

H x (dS). We define 

fl-(E) :=H x {S)/H x {dS). 

Since V is discrete, the remark above implies that £ = £; it follows that -ff(£) = H(Y,). Extending 
a homeomorphism ip of £ by the identity to £ gives an action of <p on -ff(£). We define the Torelli 
group of £ as 

X(£) := {ip £ Mod(£) | <p acts trivially on F(£) } . 
Thus we get an exact sequence 

1 -> X(£) -»■ Mod(£) -> Aut(ff(£)) 

but the latter map is not in general surjective. We will identify the image of Mod(£) in Aut(H (T,)) 
in Lemma 17.21 

For future reference, we give another definition of H(T,). Given a partitioned surface £, we 
define £, a surface with one boundary component, by gluing a disk to each boundary component of 
£ except the component containing *. (This is equivalent to gluing an S^iPgi+i to Po and an £o,|p| 
to each other subset P G V in dS. ) The Mayer-Vietoris sequence implies that P(£) = H\{S). The 
intersection form on H\{S) is a Mod(£)-invariant symplectic form, and so we conclude that H(T,) 
is self-dual as a Mod(£)-module. 

2.3 The Torelli category 

Putman defines a category whose objects are partitioned surfaces and whose morphisms are inclusions 
of subsurfaces respecting the partitions. For our purposes, we will need a refinement of this category, 
as follows. Given two partitioned surfaces £i and £2 and an inclusion i : S\ — > S2, we say (identifying 
1S1 with its image i(S'i) when necessary) that: 

• i respects the partitions if Pi-separating and Pi-nonseparating curves are taken to V2- 
separating and P2 _ nonseparating curves respectively; and 

• i preserves basepoints if *i and *2 lie in the same component of 5*2 \S\. 

For any such map i, S± inherits the structure of a partitioned surface from £2; an inclusion satisfies 
these two properties exactly when the inherited structure on Si is £1. 
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The category TSurf is defined as follows. Its objects are partitioned surfaces £ = (S,V, *). A 
morphism i : Si — > £2 is an inclusion i : S% — > S2 that respects the partitions and preserves basepoints, 
together with an inclusion i : S\ — > S2 extending i. Note in particular that the canonical inclusion 
S — > S induces a morphism £ — > £ for any £. The inclusion i induces a map -ffi(£i) —> Hi(Y<2); 
this descends to an inclusion : H(T<i) — > #(£2). 

If £2 is a partitioned surface, any inclusion i: S% — > S2 gives the subsurface the structure 
of a partitioned surface £1. This inclusion always extends to a morphism l: £1 — > £2, but not 
canonically; the ambiguity is in the choice of the map i: S± —> S2, or equivalently in the choice of 
the inclusion : iJ(£i) — > ^(£2). 

We highlight two particular types of inclusions: 

• 1 is non- collapsing if for each component T of S2 \ S\ we have dT <f_ dS\\ 

• l is a simple capping if S2 \ S\ is a single disk. 

Any inclusion can be factored as the composition of a single non-collapsing inclusion with a sequence 
of simple cappings; for this reason, we will often consider these special cases separately. Note that 
since a simple capping respects the partitions, the boundary component which is capped off must 
be separating. 

Given a morphism 1: £1 — > £2, extension by the identity induces a map Mod(£i) —> Mod(£2), 
which restricts to a map : X(£i) — > ^(£2); for non-collapsing inclusions this map is injective. 
Putman showed in |lUj that the Torelli group can be regarded as a functor I from TSurf to the 



category of abelian groups and homomorphisms (compare with Theorem 5.14). Our category 7~Surf 
is actually a refinement of the category considered by Putman; one key benefit of this refinement is 
that the assignment £ — > H(Yi) becomes functorial. 



3 The lower central series on a subsurface 

When a subsurface £ C Sq is embedded in a closed surface So, the restriction of the lower central 
series of vri(S'o) gives a filtration of ni(S). In this section we use the subgroup T(£) to characterize 
this filtration of vri(S'). The main idea of this section is that if the associated graded Lie algebra of 
a filtration happens to be free, to describe the filtration it suffices to find a free basis. Moreover, 
if the purported free basis is known to generate, its freeness can be verified by mapping to a Lie 
algebra already known to be free. 



3.1 The restriction to a subsurface of the lower central series 

If Fj is the lower central series of a group T = T±, define Cj := Tj/Tj + \. Since Tj] C Ti+j, the 
commutator bracket on Ti descends to a bilinear map Ci <%> Cj — > Ci+j. This makes the associated 
graded C := (J) Cj into a Lie algebra. It is well-known that if V is free with basis {x\, . . . , x n }, then 
C is the free Lie algebra on the same generating set (Witt |12|). All Lie algebras are over Z unless 
otherwise specified, and while they will often have a grading which is respected by the bracket, the 
bracket does not depend on the grading. 

Let 7? := 7Ti(£, *), and for each boundary component Pi € <9£, take Q £ 7? to be a loop passing 
once around Pi, oriented so that Pi lies on the left side of Q. Define 

T(£) :=([%, 9], (i,...,(k,(o) 
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to be the normal subgroup generated by and the boundary loops Q, where \P\ = \V\ = k + I. 

We often write T for T(£) when there is no confusion. Consider the central series defined by 

rf = tt, rf = t, rj = <[rf , rj_ x ], [rj, rj_ 2 ]) for j > 3. 

This is the minimal filtration for which = T and [T^Tj] C r?j.-. Define £j := rj/rj +1 
and C T = ©jCJ. Note that £^ coincides with H(E). Similarly, let N(E) denote Let 
{£1, . . . , £,2g, Ci; • • • > Cfc} De a basis for 7? such that {^} descends to a basis {xj} for Cf, and let 
S t>e the image of Q . We first claim that C T is generated as a Lie algebra by 

S := {xi,...,X2 9 ,zi,...,z fc }. 

Indeed, a basis for Cj is given by {xj}, and a basis for C\ is given by {[xj,Xj]|z < j} U {2^}. The 
generator zq may be eliminated by applying a relation of the form 

[Clj&l • • • [^2ff-l,^2fl]Cl ' ' ' CfeCo = 1) 

which gives to + zi + • • • + Zk + zq = 6 Z^f- (Here w 6 A 2 ^f represents the symplectic form on 
ff(£) = £f.) From the definition of rj we have that Cj is spanned by [CjjCj^^ + [jC^, f° r 
j > 3; the claim now follows by induction. We will see shortly that in fact C T is free with basis S. 

Lemma 3.1. For any morphism t: £ — > £/ie induced map i: tt — > tv ' satisfiesl(Tj '(£)) C rJ(E') 
/or a// j. 

Proof. By induction on j, it suffices to show that i(T(£)) C T(£'). It is automatic that i ( [7? , 7r ] ) C 
[7?' , 7?'] , so it suffices to check that i(Ci) £ T(£'). Van Kampen's theorem gives a basis for 7ri(£', *') 
of the form 

{6,---,6JuK',#}u{cj} 

for 1 < i < k, 1 < j < m, 1 < I < rrii (here either or both of m and mi may be 0), with the property 
that 

6. H- 6 and C, H- [a, 1 , #] • • • [a? , /^itf • • • (P ■ 
Thus i(Cj) € T(S'), as desired. □ 

This shows that any inclusion t: £ — >• £' induces a map t: £ T (£) — > £ T (£'). This map is not 
always injective; for example, if i is a simple capping, i(Ci) is trivial so i{z\) = 0. However, this is 
essentially the only way that injectivity can fail. 

Theorem 3.2. £ T (£) is the free Lie algebra on <S(£) = {x\, . . . , X2 g , z±, . . . , z&}. Furthermore any 
morphism £—>■£' such that no component o/£' \ £ is a disk induces an injection £ T (£) M- £ T (£'). 

Proof. We begin with a special case of the latter claim, which lets us embed C T in a larger free Lie 
algebra. Let S' be the surface obtained from S by attaching a surface of genus 1 to each boundary 
component of S except the one containing the basepoint, and let it' := 7Tx(S", *). Van Kampen's 
theorem gives an inclusion i : tt 7t' ; we may choose a basis {£1, . . . , £,2g, ot\,(3i, . . . , ctk, /3fc} for tt' 
such that £j 1— )• £j and Ci ^ [a^A]- The map t: C T — > £' sends Xi 1— > Xi and Zj i-> [<»»,£>$], where 
Xi,ai, bi are the classes in £' x of £j, Oj, respectively. 

A subset y of a Lie algebra is called independent if the subalgebra generated by Y is free with 
basis Y. We seek to show l(S) = {x±, . . . , X2 g , [01, 61], ... , [at, 6fc]} is independent; note that by 
Shirshov [11] and Witt [13], any subalgebra of the free Lie algebra £ is itself free (after tensoring 
with Q). We need the following elementary lemma. 
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Lemma 3.3. Let C be the free Lie algebra on a set X , V = {Pi, . . . , Pfc} a partition of X, and 
Y = {yi, ■ ■ ■ ,Uk} a subset of £ so that each m is nonzero and contained in the algebra generated by 
Pi. Then Y is independent. 

Proof of lemma. Let £q = C (g> Q, and identify each yi with its image in Cq; since C is torsion 
free (Witt |12l Theorem 4]), the map C —> Cq is an injection. The following theorem is proved 
by Shirshov in the course of proving [11, Theorem 2]: if for each yi GY we have that the leading 
term of yi is not in the subalgebra of Cq generated by the leading terms of Y \ {yi}, then Y is 
independent as a subset of £qi^] The elimination theorem for free Lie algebras implies that as a 
vector space, Cq splits for each i as the direct sum of the algebra generated by Pj with the ideal 
generated by X \ Pi (see e.g. Bourbaki [U Chapter II, Section 2.9, Proposition 10]). Since yi is 
contained in the former summand, and the algebra generated by Y \ {yi} is contained in the latter 
summand, the condition above is verified. Thus applying Shirshov's result, we conclude that Y is 
independent in Cn', since C is torsion- free, it follows that Y is independent in C. □ 



Since t(S) clearly satisfies the conditions of Lemma |3.3| with the partition 

*P = {{^l}, { x 2g}, {ai,h}, • • • , {a g , b g }}, 

we conclude that l{C t ) is free with basis l(S). Since the generating set S is taken bijectively to 
the free basis t(S) by t, it follows from the universal property that S is a free basis for £ T (E); in 
particular C J '(E) is free. 

We now consider a general incl usion E — > E' satisfying the condition that no component of 



E' \ E is a disk. Recall from Lemma 3.1 that vri(E / , *') has a basis of the form 

Ui,---,6 s }u{o]',/3f}u{c|} 

for 1 < i < k, 1 < j < rii, 1 < / < rrij, so that 

£i ^ 6 and Ci ^ [aj , Pj] ■ ■ ■ [a? , ft* ]£ ■ ■ ■ C ■ 

The condition on E' \ E implies for each i that ni and nii are not both zero. We have already proved 
that £ T (E') is free with basis {xi} U {a^bj} U {z\} where I range as above. The induced map 
£ T (E) — > £ T (E') sends x\ h-» X{ and 



As above, the images of the Xi and Zi satisfy the condition of Lemma 3.3 Thus the image of the 
generating set S is independent, so by the universal property the map £ T (E) -»• £ T (E') is injective 
as desired; this concludes the proof of the theorem. □ 



Comparing Tj. As noted above, any embedding E C Sq into a surface with one boundary 
component induces a filtration of n by restricting the lower central series. The following corollary 
states that as long as no component of So \ S is a disk, the induced filtration is exactly the central 
series Tj = tt n Tj(So). Indeed we have the following generalization: 

Corollary 3.4. For any embedding E — > E' so that no component of S' \ S is a disk, Tj(E) = 

TfnrJ(E'). 

1 The leading term of y is the highest degree homogeneous component of y. For an exposition in English of a closely 
related theorem, see Bryant-Kovacs-Stohr [2]. 
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Proof. Lemma 
isomorphism L 
rJ(S) for all j 



3.1 states that Tj (£) C i _1 ( r j B Y Theorem 

= i(C T ), so in particular t is injective on each Cj. T 



3.2 the map i restricts to an 
lis implies that i~ 1 (Tj(T l ')) C 

□ 



The following corollary of Theorem 3.2 is actually a special case of the theorem: it states 
that there are no relations among the basis elements {x\, . . . , X2 g , Z\, ■ ■ ■ , Zk} in degree 3, while 



Theorem 3.2 states that there are no relations among them at all. We will use this proposition 
in Section 5.5 to bound the image of the Johnson homomorphism. Recall that 
iV(E) = 



jOJ and 



Proposition 3.5. The commutator bracket 



jCJ induces the short exact sequence 



*-3 



1. 



Since Mod(S) fixes the boundary components of 5, it fixes d up to conjugacy, and thus acts 
trivially on z%, . . . , zy.. By definition, X(S) acts trivially on xi, . . . , x<i g - Since {xi, . . . , X2 g , Z\, . . . , z^} 
generate ', we have the following corollary of Theorem 3.2, which will be used in Section 5.2 



Corollary 3.6. The action o/Mod(S) on C T (T,) factors through its action on i?(S); in particular, 
X(S) acts trivially onC T {T l ). 



3.2 T(S) for general subsurfaces 



When S is a subsurface of a closed surface So, Corollary 3.4 relates the lower central series on tti(Sq 



to the induced filtration on 7Ti(S). In this section, we extend this to the induced filtration on vri(5), 
which is often more useful in applications. However this section is not necessary for the main results 
of the paper and may be skipped on a first reading. 

Let 7r = 7ri(5) and tt = tti(E). In this section only, let T(E) be denoted by T(tt) < 5f. Define 
T(ir) < tt as follows. For each subset Pj G V, let C 4 ' G vr be a loop passing exactly around the 
boundary components contained in Pj, oriented so that those boundary components lie on the left 
side of Q[, and so that the subsurface cobounded by Q[ and Pj has genus 0. Now define 

T(vr) := ([vr,vr],Ci,...,Cfe,Co)- 

Considering tt as a subgroup of tt, it is clear that T(vr) < T(vf); we will show that T(tt) is exactly 
the intersection T(ir) = tt n T(tt). We define two central series initially by 



7r,ri , (7r) = T(7f) and rf(vr) = vr, r^(vr) = T(tt) 



respectively, and then in both cases extend by 



rj =([rf,rj_ 1 ],[r^,rj_ 2 ])fori>3. 

By induction, we have rj(7r) < rj(7r) for all j; we will show that rj(7r) is the intersection 
rj(7r) = tt n rj(n). As above, let Cj(n) and ^-J(^) be the graded quotients of these nitrations, 
with C t (tt) = ©-^J(vr) and C t (tt) = ©-^J(tt) the associated graded Lie algebras. The inclusions 
rj(7r) < rj(7r) descend to a map t: C t (tt) — > C t (tt). 

Theorem 3.7. L t (tt) is the free Lie algebra on S{tt) = {x±, . . . , X2 g } U {^}i> U {lli}i>i (defined 
below), and the natural map C t (tt) — > C t {tt) is an injection. 
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Proof. Let mi = |Pj| — 1, where |Pj| is the number of components in the subset Pj. Let {£1, . . . , ^2g}U 
{of} for < i < k, < j < rrtj be elements of 7r so that: 

• excluding the set {£i, . . . , £,2g} U {o^ } is a basis for 7r, 

• a\ is a loop around the jth boundary component in Pj, 

• and we have the equations 

£ = aj>aj-a f 7* (1) 

[6,6],.-.,fe 9 -i,6 9 ]Cl---Cko = i- (2) 

Let Xj and be the images of & and a| in £f (7r), and let be the image of in L^(tt). From ([I]) 
and ([2]) we obtain the relations 

a° + aj ■ ■ ■ + a™ ! = in Lf (vr) 

[xi, x 2 ] H h [x2g-i,x 2g ] + yi H h Vk + 2/0 = in L\{k). 

We may thus eliminate the generators a° and yo, implying that C t (tt) is generated by S(tt) = 
{x±, . . . , X2 g } U {a^ }^>o U {yi}i>i- Our goal is to prove that C T (ir) is free on this basis. 
We can find {/3j} in tt for < i < k, 1 < j < so that 

{6, • • • , 6 9 } U {aft U {#'} U {Ci} for < i < k, 1 < j < mi 
is a basis for 7?, and so that 

= a°/3 i 1 a 4 1 ---/3r«r^T---^ (3) 



where /3 = /3 By Theorem 3.2, C t (tt) is the free Lie algebra on {xj} U {a^} U {bj} in degree 1 
and {zi} in degree 2. For any Xi, and for any a\ or 6^ with i > 1, the map CJ(tt) — > sends 

and b? h-> 6^. From the above formulas ([I]) and ([3]) for £| and £i> we see that 
can be expressed in terms of these generators as 

Vl ' y [a},bj] + [al b] + fe?] + • • • + [a™% 6! + • • • + 6^] + z t . 

If we can show that the image l(S(ti)) = {x^ U {aj} U {^(yi)} is independent, the universal 
property will imply that C t (tt) is free on this basis, and that i is injective. Since i(yi) involves 
multiple generators, we cannot appeal to Lemma 3.3, but we can apply Shirshov's result directly. 
Since each element of l(S(tt)) is homogeneous, it suffices to show that for each w £ l(S(tt)), the 
element w is not contained in the subalgebra of C T (tt) generated by l(S(t:)) \ {w}. For the basis 
elements Xi and aj, this is easy, since no other element of l(S(it)) involves that basis element. 
For t(yi), note that no other element of l(S(tt)) involves the basis element Zi, so the subalgebra 
generated by l(S(tt)) \ {i(yi)} cannot contain t(yi). Thus the image of C t (tt) is free with basis 
t(S(ir)), concluding the proof. □ 
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4 The Johnson filtration 



Let E be a partitioned surface, and let tt = vri(E, *) as before. We saw before Corollary 
action of Mod(S) on tt preserves the central series Ff defined in Section 
partitioned Johnson filtration 



3.1 



3.6 



that the 



We seek to define the 



Mod(S) = Mod ( i)(E) > Mod (2) (S) > Mod (3) (S) > 



The classical Johnson filtration for a surface with one boundary component consists of those 
homeomorphisms acting trivially modulo T^, but for partitioned surfaces we need to impose another 
condition. 



4.1 Action on arcs 

For any Pj G V, let A4 be an arc in £ from the basepoint * to the boundary component Z\ 
corresponding to P%. For any <p G Mod(S), the image <p(Ai) is another arc with the same endpoints, 
so ip(Ai)Aj l may be considered as an element of tx. Let di(ip) := ip{Ai)A^ 1 G tt. Of course this 
depends on the choice of A%, but we will see in Lemma 4.2 that its equivalence class under a certain 
relation is well-defined. 

Lemma 4.1. If ip acts trivially on tt/TT, then di{<p) G r^_ 2 . 

Proof. We can write Ci = AiZiAj 1 G tt, where Z\ is a loop contained in Z{ C <9X (note that Z^ is 
fixed by ip). We then compute 

^(C)Cr 1 = ^Z^A^AiZ^A- 1 = [tpiAi^^A^A- 1 ] = [d t (p),Q]. (4) 

Since ip acts trivially modulo TjT, we know that fid)^ 1 G T^. But d G T 2 represents the free 
generator zi G C 2 by Theorem 3.2 and so [di(ip), Q] G implies di(ip) G r^_ 2 . □ 

Lemma 4.2. When restricted to the subgroup o/Mod(E) acting trivially on tt/TT, this yields a 
well-defined homomorphism di mapping ip 1— )■ di(ip) G = C^_ 2 - 

Proof. We need to verify that the class of di(tp) in C^_ 2 does no * depend on the arc A = Ai chosen. 
Assume that ip acts trivially on tt/T^, and let B be another such arc. Then 

(i P (A)A- 1 )(ip(B)B- 1 )- 1 = i P (AB- 1 ){AB- 1 )- 1 [AB-\ip(B)B- 1 } = p(x)x- 1 [x, i P (B)B- 1 } 

where x = AB~ l G tt. Since ip acts trivially modulo TjT, the first term tp(x)x~ 1 lies in T^T. By 
Lemma [iTTj (p(B)B- 1 G r^_ 2 , so [x,<p(B)B- 1 ] G I^_ v Thus <p(A)A^ 1 and ip{B)B~ l agree modulo 
as desired. □ 



Lemma 4.3. If \Pi\ > 1, then for any ip acting trivially on vf/T^T we have di(tp) = G C 



k-2- 



Proof. Let a = oq be a loop around a boundary component contained in Pi (the notation is as in 
Theorem 



3.7). We can write a = AivA i , where v is contained in dS and thus is fixed by ip. Then 



just as in (4) we have ip(a)a 1 = [di(ip),a], and by assumption this is contained in T^. However 
we saw that a G tt represents the free generator aj G Cj, and so [di(ip),a] G T^ 



in Theorem 3.7 



implies that di(<p) G r^_ 1 . Thus di(ip) vanishes in Cj,_ 2 = ^k-2/^k-v □ 
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4.2 The partitioned Johnson filtration 

Definition 4.4 (The partitioned Johnson filtration). Let Mod(^(S) be the subgroup of Mod(S) 
consisting of those if G Mod(S) satisfying 

(I) ip acts trivially on tt modulo FT, and 

(II) for each Pj 6? with \Pi\ = 1, the element ^(A^A^ 1 is contained in 



By Lemma 4.2 and Lemma 4.3, the second condition is equivalent to the condition that 
di(ip) = G £jT_ 2 for all i. 

The first terms of the Johnson filtration. Note that Mod^^S) = Mod(E) by definition, and 



Mod(2)(S) is the Torelli group X(S) defined in Section 2.2 We denote the next term Mod(3)(E) 
by /C(S) and call it the Johnson kernel o/S. In Section [5] we will define the partitioned Johnson 
homomorphism ts, and prove in Theorem 5.5 that /C(S) = kerr^. In particular, this will show that 
/C(S) is exactly the subgroup of Mod(S) acting trivially on tt modulo = [vf,T]; condition (II) in 
Definition 4.4 is not necessary in this case. 

Changing the basepoint. 

Theorem 4.5. The Johnson filtration does not depend on the basepoint; that is, ifT, and T,' differ 
only in the location of the basepoint, then Mod(/%)(X) = Mod(fc) (£') . 

Proof. If £ = (SjV, *), let £' = (S, V, *'). An isomorphism from tt = vri(S, *) to tt' = vri(S, *') is 
given by x i — y A _1 xA, where A = Ai is an arc from * to *' G Pi as before. This isomorphism takes 
the central series T^(S) of tt to the central series T^E') of tt' (to check this, it suffices to check 
that A~ 1 C i iA G T{tt')). In this proof only, let x denote A~ l xA. We compute 

ip{x)x~ l = (p(A~ 1 xA)A~ 1 x~ 1 A 

= [ ^{A-^A, A~ 1 Lp(x)A]A ~ 1 ip(x)x~ 1 A (5) 

= [d i (ip)- 1 ,ip(x)]ip(x)x- 1 = [di(p)- 1 , ip(x)]ip(x)x- 1 

If ip G Mod(fc)(S) we know that ip{x)x~ l G T^(S), and furthermore di (ip) G r^_ 1 (S), so [dj(</?) _1 , <p(x)] G 
r^(S) as well. This shows that <p acts trivially on tt' modulo (£'), verifying condition (I) of 
For condition (II), note that we may take the arc A'- from *' to the boundary 



Definition 



4.4 



component corresponding to Pj to be A\ = A- l Aj. We compute: 



o uw "~i — "~% ™r 



V9(4)4- = ip{A?r\{A-)AfAi = Anp(A i )- 1 (p(Aj)Aj 1 = d^yH^) 

Since di((p) and dj((p) lie in r^_ 1 (S), we conclude that (p(Aj)Aj~ lies in r^_ 1 (S / ), verifying 
condition (II). □ 



4.3 The Johnson filtration is preserved by inclusions 

For any inclusion £ — > £' such that no component of £' \ S is a disk or annulus with boundary 
contained in dS, the induced map Mod(E) — > Mod(S') is an injection (see e.g. Paris-Rolfsen [9j 
Corollary 4.2(iii)]). 

Theorem 4.6. Let £ — > £' be any inclusion such that no component ofT,'\Sisa disk or annulus 
with boundary contained in dS. Then for any k > 1, we have Mod^(T,) = Mod(E) n Mod^(T,'). 
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Proof. As in Lemma 3.1 choose a basis for tt' of the form 

{a,..., 6 9 }u u{di 

so that 

ti i }U{( i = [a},fi]---[a?,W]Cl--<r i } 

form a basis for tt. 

We first assume that 93 G Modu.)(£) and seek to show that cp G Modm(E'). Since {^} U 
{aj, f3j} U {q} generate the central series rJ(E'), in showing that 93 lie in Mod(fc)(E'), for condition 
(I) it suffices to show that ip(r])r]~^ G (E) for any 77 in this basis. For £j this is automatic, since 
£j G 7r: the assumption that (p G Mod(fc)(£) implies by condition (I) that </?(£j)£j~ G T^, and by 
?(r^(E)) C r^(S'). For 77 G {a- , $ } U {C^}, however, we can write r/, = AiHA^ 1 G tt', 



Lemma 



3.1 



where is a loop contained entirely in E' \ £. In particular is fixed by <p, so we can can compute 
just as in Q that ^(rj)^ 1 = [di(ip), 77]. But the assumption that <p G Modu.)(E) implies by condition 



(II) that di(<p) = ip(Ai)A i 1 G rJ_ 1 (S). Applying Lemma 3.1 we conclude that 99(77)77 1 = [cii (<£>), 77] 
is contained in T^ (£'), as desired. To check that <p lies in Modm(£') it remains to check condition 
(II). But for any boundary component Pj of £', we may choose the arc A'- from the basepoint to 
Pj so that it meets E in the arc for some i. Then <p(A'j)A'j essentially coincides with <p{Ai)A^ 1 , 
which we saw above is contained in rT_ 1 (E); the only difference is possibly in the location of the 
basepoint, and we conclude that d'j((p) G Tj_ 1 (E'), as desired. 

We now assume that ip G Mod(E) nMod^^E') and seek to show that p> G Mod(/%)(£). Condition 
(I) is easy to check. The conditions on E — > £' implies that 7? — >• tt' is injective. For any x £tt, the 
assumption that >p G Mod( fc )(£') implies that (p{x)x~ 1 G T^(E'). But certainly <p{x)x~ 1 G tt, and 
Corollary 3.4 implies that tt n r^(E') = r^(E). For condition (II), fix a component Pj of E; we 



seek to show that di(ip) = 0. Let T be the component of £' \ E meeting E in Pj. If T has another 
boundary component Pj not contained in E, we saw above that di(<p) = d'A<p); in particular, the 
assumption that p> G Mod(^(E') implies that d'j(ip) = di(ip) vanishes in £^_ 2 (E). It remains to 
consider the case when dT = Pi. But then the assumption on £' \ 5 implies that |Pj| > 2, so by 
Lemma 4.3 we have di(ip) = as desired. □ 



5 The Johnson homomorphism 

In this section and the next, we construct a surjective homomorphism rs : X(E) — > We whose kernel 
is exactly /C(E). 



5.1 The classical Johnson homomorphism 

We briefly review Johnson's original construction of the Johnson homomorphism in the case when 
S has one boundary component, using the action of Mod(S') on the universal two-step nilpotent 
quotient of the free group tt := tt\(S, *), where * G dS. Let [tt, tt] be the commutator subgroup of tt; 
we have the short exact sequence 

1 -»• [7T,7r] -^TT^fH ->■ 1. (6) 

Centralizing the first term, we get the short exact sequence 

1 -»• N -»• E -> H -> 1 
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of Johnson [7J, where H = tt/tt2, N = 1^2/^3, and E = tt/tt^. 

Considering the exact sequence ^ as a presentation for H, Hopf's formula says that 

H 2 (H) = ff2 r n =^ = N. 

Identifying H 2 (H) with /\ Z H, we have an isomorphism /\ H = N, which can be given explicitly 
as follows: x A y G A 2 -^ i s sent to [x, y] G A, where x,y G E are lifts of x and y. All these 
identifications are Mod(S')-equivariant; in particular, I(S) acts trivially on N. 

Definition 5.1. The Johnson homomorphism r: Z(£) — > Hom(H,N) is defined by assigning to 
(p G 2T(£) the homomorphism r(ip): H — )• iV given by i h> [/(x)x _1 ], where x G 7r is any lift of 
x €z H. The fact that iV is central in E implies that r(</?) is a homomorphism, and the fact that 
Z(E) acts trivially on if and on implies that r is a homomorphism. 

Identifying N with A 2 -^ an| i Hom(if, iV) with H* ® /\ 2 H, Johnson pr oved in [1] that the 



image of this map is exactly f\ H < H* ® /\ Z H; compare with Theorem 5.7 The map r is 
Mod(S')-equivariant with respect to the conjugation actions on 1(5) and on Hom(#, A The 
kernel kerr < I(S) is exactly the subgroup acting trivially on E = tt/tt^. Johnson proved in [7] 
that for a surface with at most one boundary component, kerr is the group generated by separating 
twists. 

5.2 The partitioned Johnson homomorphism 

Our construction of the Johnson homomorphism for a general partitioned surface follows this 
approach closely. We remark that for the remainder of Section [HJ we only deal with S, not S itself; 
as a result, the reader may assume that the partition on S is totally separated, so that S = S, 
without contradiction. 
As in Section 



3.1 



let 7? := 7Ti(£, *), and for each boundary component P{ G <9X, take Q G tt to 
be a loop passing once around Pi, oriented so that lies on the left side of Q. As before 

T(S) :=<[^Ui, Co) 
is the normal subgroup generated by [7?, tt] and the boundary loops Q, where \V\ = \V\ = k + 1. The 



definition of T(S) is motivated by Theorem 3.2 and Corollary |3.4| in particular, if £ C So is an 



inclusion into a surface with one boundary component and ttq = tti(Sq), we have T(X) = ttD [ttq, ttq]. 
We often write T for T(E) when there is no confusion. Note that the quotient of tt by T gives an 
exact sequence 

1 — t- T — t- 7? — 7- H{Ti) —7- 1. (7) 
Centralizing the first term, we get the exact sequence 

1 -> r/[T,7f] -> 7T/[T,7?] -> ff(E) -> 1, 

which we label as 

1 -»• iV(E) -»• ->■ iJ(E) ->■ 1. 
Definition 5.2 (The partitioned Johnson homomorphism). The Torelli group X(E) acts trivially 



on iV(E) by Corollary 3.6, and on H(T,) by definition. Thus by the construction described in 



Definition 5.1 the action of X(E) on E(T,) = tj/[T,tt] yields a homomorphism 

r E : X(£) -»• Horn (-ff(E), iV(E)) 
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which we call the (partitioned) Johnson homomorphism. It is given explicitly by 



r s (v?)(x) = [cp(x)x x ] 

where x G tt is a lift of x G H(E). 

Note that Tz(ip) = if and only if tp acts trivially on -E(E) = tt/F^. The map tx; is Mod(E)- 
equivariant, in the following sense. The mapping class group Mod(E) acts on Z(E) by conjugation. 
The action of Mod(E) on H(E) and N(T,) induces an action on 
Hom(fr(E),JV(E)); to be precise, if / G Hom(iT(E), iV(E)) and tp G Mod(E), the map 92*/ is 
defined by ip*f(x) = ip(f(tp~ l (x)^. The following is a formal consequence of the definition of T£. 

Lemma 5.3. Let (p G Mod(E) and tp G Z(E). Then ^(pipp^ 1 ) = p*Tz(ip). 

Proof. From the definitions, we have 

TT,(pipp' 1 )(x) = \p'4)p~ 1 (x) ■ X~ l ] 

= <pl^<P~ l {x) ■ P' 1 ^)' 1 ] 
= p{r^){p- 1 {x))) 

= ¥*TY,(ll))(x) 

for any x G H(T,). □ 



5.3 Action on arcs 



In Lemma 4.2 we used the action of 1(E) on arcs connecting different boundary components to 



construct a family of abelian quotients d{ of X(E). Recall that di \ Z(E) — > i?(E) is defined by 

di(ip) = [<p(Ai)Ar l ] g F(E), 

where Ai is an arc from the basepoint * to the boundary component Zi corresponding to Pi. One 
important difference between Z(E) and other terms in the Johnson filtration is that these maps di 



factor through the Johnson homomorphism te; this is proved in Section 5.5 

For each Pj we obtain a map iV(E) — > 7L by intersecting elements with the arcs Ai. Specifically, 
if y G iV(E) is represented by y G tt , let (y, Ai) be the algebraic intersection number of y with the 
arc Ai. This does not depend on the choice of arc Ai. Indeed, two such arcs for the same i differ by 
a cycle, which has trivial intersection with any commutator or any boundary component (j, and 
iV(E) is generated by [tt } 7?] and the £j- 

Definition 5.4. The homomorphism 

Si-. Hom(#(E),iV(E)) 

is defined by the adjunction 

(/(*), 4<) = (*,*(/))■ (8) 
The following proposition will be proved in Section [5.5| 
Theorem 5.5. The maps di : X(E) — > H(E) factor through t^; more specifically, we have di = <5jOT£. 
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5.4 The image of r s 



Let \V\ = k + 1. There is a natural quotient N(Y>) -» /\ 2 H (T,) defined by Zi \— > for 1 < i < k 



3.2 



induced for example by the inclusion S ^ S of Section 2.2 In fact, it follows from Theorem 
that 

iV(S) ~ /\ 2 if(S)©Z fe . (9) 

where /\ 2 H(T,) is the image of [7?, 7?] and the Z fc factor is spanned by zi,...,Zk- Note that the 
intersection y h-» (y, Aj) vanishes on /\ 2 H(T,) and satisfies (zj,Ai) = 5ij. 
The projection iV(E) -» /\ 2 H(T,) induces a projection: 

Hom(F(E), iV(E)) -» Hom(iT(E), A^( s )) - #( s ) © A 2 #( s ) (10) 
Note that A 3 #( s ) embeds into #(E) <g> /\ 2 H(£) as the "Jacobi identity": 

aAbAc^a®6Ac+6(g)aAc + c®aA6 

Finally, let £>(S) < (E) be the isotropic subspace spanned by the homology classes of the boundary 
components; similarly, let D{ < -D(E) be the subspace spanned by those components in Pi G V . 
Note that D(E)- 1 - is exactly the subspace of -ff(E) spanned by H\(S). 

Definition 5.6. The subspace Wy < Hom(i/(E), iV(E)) consists of those elements 
/: H(T,) —7- iV(E) satisfying the following conditions: 

(I) the image in H(T,) © A 2 ^(E) of / under the projection (10) is contained in the subspace 
A 3 #(E) < //(E)(8) f\ 2 H(Z). 

(II) for i > 1, <5j(/) G Z)(E)- L and furthermore for any a G Dj, /(a) = 5i(/) A a. 

(Ill) for any a G D , /(a) = 0. 

The following characterization of the image of ty is one of the main theorems of the paper. 

Theorem 5.7. Wy = imrs- 



We will prove that imrs is contained in Wy in Theorem 5.9 We will defer the proof of 
Theorem 5.7 until Section [HJ where we first establish formulas for the value of ty on various 
fundamental elements of Z(E), then use these computations to prove that the image of ty is all of 
W s . 

Remark 5.8. Wy is abstractly isomorphic to A 3 -D(E)" L © (D(T,) ± ) k as a Mod(E)-module. To see 
this, first consider the projection Hom(iJ(E), iV(E)) -» #(E) fe defined by / h-> (61 (/),... , 5 k (f)). 
When restricted to Wy, this projection has image (D(E)- L ) fc by condition (II). 

The kernel of this surjection Wy -» (-D(E)- L ) fc is those elements with 5i(f) = for all i. By 
condition (I) such a map lies in f\ 3 H(j:) < Hom(#(E), A 2 #(E)), and by conditions (II) and (III) 
satisfies f(a) = whenever a G -D(E). As an element of A 3 -^(E), this means that / is contained in 

(£>(E) X © A 2 #(£)) n A 3 # (£) ^ A 3 ^) 1 - 

Note however that the decomposition Wy — A 3 ^(E) _L © (Z?(E)- L ) fc is not canonical; the subspace 
A 3 -D(E) _L < We is well-defined, but its complement is not. 
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5.5 Restricting the image of 

Theorem 5.9. The map has image contained in We- 



Proof of Theorem 5.5 and Theorem\5.S\ Consider ip G X(S) and let / = Tz(<p) G Hom(i/(£), iV(S)). 



We first show that / satisfies condition (I), and at the same time we will verify Theorem 5.5 
We will make use of the following identities (where a b denotes conjugation): 

[aw, b] = a [w, b] ■ [a, b], [a, bw] = [a, b] ■ b [a, w]. 

If w G = T, both [w, b] and [a, w] are in T^, so we have 

[aw, b] = [a, b] [w, b] mod Tj, [a, bw] = [a, b] [a, w] mod Tj. 

The key to our proof is to consider the action of tp on Co — even though Co is contained in the bound- 
ary dS and so the action of (p on Co is trivial. Choose a basis so that Co = [ai? /Si] ■ • • [otg, Pg\Ql ■ • • Ck- 
Let en and b{ be the homology classes of a, and pi respectively; note that {dj, bi} form a symplectic 
basis of H(E). 

We are now ready to consider tp(Co)- Let ^(x) := x~ l ip{x). Note that ip G implies that 

r)ip(x) G for all x G 7r (in fact, these are equivalent), and Q G for all j. Recall from Q that 
(/j(Cj) = [dj(<p),Cj]Cj- We calculate: 

/ 9 k 

\i=i i=i 

=n[^),KA)]n^o) 

*=i j=i 

a A; 
i=i i=i 

= n[oi,A][ai 5 %(A)][%(«i)>A] 11^'^^' mod r 4 

i=l i=l 

nN'^vCA)] [%(«»), A] IJ^'O] • Co mod rf 

,i=l j=l / 



Define 



5 fe 

* = riN,%(A)][%(«i) 5 a] n^-'Cii g rf 

i=l j=l 



and consider the class [X] G = r^/rj. Note that r]<p(ai) and rj v ((3i) in represent r(</?)( 
and r(ip)(bi) in A^(S), and similarly Q G represents G N(E). Thus the following elemt 
7 6 (S) ® JV(S) descends to [X] G under the commutator bracket: 



g k 

Y = ^a i ®Ti;((p)(b i )-bi®Tx{(p)(ai) + J2 d j(<P)® z 3 G fT(S) ® JV(S) (11) 
i=i j=i 
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Note that the first summation is exactly the expansion of — te(</?) G Hom(ff(E), iV(E)) in -ff (S) (g) 
iV(E). Indeed, since {aj,6j} form a basis of H(E), we can write 



rsM = < ® *sfa)(«<) + ft * ® e # (E)* ^ iV(E) 

i=l 

and under the isomorphism -ff(E) ~ i?(E)* we have a* = b{ and 6* = — a\ (since a* = and 
b* = (•, — cij). In particular, it follows from the discussion following ([9]) that the coefficient of £j in 
the first summation is —Sj(Tz((p)) <g> 

We calculated above that y(Co) = ^ • Co mod rj. However, since Co is contained in the boundary 
of S, we have 9?(Co) = Co- Thus X must vanish modulo Tj, and so [X] = G £3 . Thus 
Y G -ff(E) (8) iV(E) is contained in the kernel of the map i?(E) ® -W(E) — >• £3 . We now recall 



Proposition 3.5, which states that the bracket £,J — > induces the short exact sequence 

1 -»■ /\ 3 H(Z) /7(E) (8) iV(E) ->■ ^ ->■ 1. 

This has the following implications. 

First, we saw above that the coefficient of Zj in Y is 

(di(ip) - 5i(Tz(ip))) ® zj. 

But the factor il(E) ®Z k < iJ(E) ® N(E) intersects A 3 #( s ) trivially, so for Y to be contained in 



5.5 



f\ H(T,) we must have di(ip) — Si(r^((p)) = 0. This completes the proof of Theorem 

Furthermore, this implies that Y G H(Yl) (g) iV(E) is the difference of —is (92) and its projection 
to the Z fc factor spanned by the Zj\ in other words, Y G H(E) ® /\ 2 H CE) is the projection of — te(<£>) 



to Hom(tf (S), A under the map (|10|). Now Proposition 

/\ 3 i/(E), verifying condition (I). 



3.5 



states that this is contained in 



Now we can use Theorem 5.5 to verify conditions (II) and (III). We have just proved that 
$i(f) = di(tp). But from the definition of di we can see that di(tp) is contained in D(E)- 1 -. Indeed, 
we have di(<p) = [^(A^A^ 1 ]. Since ip is the identity outside S, we have ip(A{) = A{ ou tsid e S, and 



thus [(^(^j)^ 1 ] may be represented by a cycle lying inside S. We observed in Section 5.4 that the 
span of H\(S) in i?(E) is exactly -D(E)- 1 -, and so we conclude that 8i(f) = di(<p) G -D(fTF for all i. 
To verify the remainder of condition (II) we must show that Tz(ip)(a) = di{ip) A a for a G Di. It 



suffices to check this when a is the class of a single boundary component in Pi. We saw in Lemma 4.3 
that ip{a)a~ l = [di(<p),a], where a G n represents a G Di, so T^{(p)(a) = di(ip) A a as desired. A 
similar argument verifies condition (III). If a is the class of a single boundary component contained 
in Pq, then it is connected outside 5 to the basepoint; in particular, a can be represented by a loop 
disjoint from S. Thus ip fixes this loop pointwise, and so Ts(ip)(a) = 0. □ 

Remark 5.10. A similar argument can be applied to any term in the Johnson filtration to show 
that the homomorphisms di: Mod^^E) — > >C^_ 1 are controlled to some degree by the action of 
Mod(fc)(E) on 7r/rj T +1 . However, to show that the di factor through this action when k = 2 we 



needed Proposition 3.5, which states that the various maps Cj — > defined by x 1— > [x, Zj] have 
independent image. The corresponding statement for maps — > is definitely false for k > 2: 
for example, we have relations such as [zi, Zj] + [zj, zi\ = or [[zi, Zj], Zk] + [[zj, Zk], Zi] + [[zk, Zi], zj] = 0. 
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5.6 Naturality 

Consider a morphism i: E — > E' and the associated embedding i: E — >• E'. In this section we seek 
to define a map 

: Wx -> W s , 

so that the following diagram commutes: 



X(S) ^ ► VF S 

(12) 

Z(E') >W S , 

As mentioned in the previous section, we may assume that E = E and E' = E'. (Formally, if 
i : E — > E is the natural inclusion, we define t* : Wy, — > Wig to be the identity, and then the fact that 



(12) commutes is inherent in the definition of T£.) 

We are now ready to define the map i* : Ws 1 — > Ws 2 . We consider separately the case when l is 
non-collapsing and the case when i is a simple capping; since every morphism is a composition of 
such inclusions, this suffices. The description we give here is the one that is most useful in practice; 
in the proof we work with a more formal, but equivalent, definition. 

Notational remark. It will be helpful to establish some simpler notation for elements of W^. 
For the /\ 3 ff (E) component, we have the standard a A b A c notation. For the i?(E) ® Z fc factor, in 
place of 5i(f) (g> Z{ we write 5i(f) A Zj, interpreting this as a formal expression. 

Definition 5.11. For a simple capping t: E — > E', so that E' is obtained from E by attaching a 
disk to the separating component Zi, the map t* sends 5i(f) A Zj i— > and is the identity on the 
other factors spanned by /\ 3 if (E) and by Sj(f) A ^ for j / i. 

For a non-collapsing morphism t: E — >■ E', decompose E' \ E into subsurfaces C/j, so that Ui 
meets E in the component Z{ corresponding to Pj. We can consider H(Ui) as a subspace of H(E'). 
Let G /\ 2 H(Ui) represent the intersection form on H(Ui), and let zj, . . . , z\ be the boundary 
components of Ui that are disjoint from E. We define t* as follows. 

i* ■ We -> Ws' 
aA6AcM>aA6Ac 

x A Zj (->■ x A (w^ + z\ H h z-) 

Note that in N(Ui) we have Zj = + z\ + • • ■ + zi, since z, is the boundary component that would 
be z? but transversed in the opposite direction. 



Theorem 5.12. For any inclusion i: Ei — > E2, mtt t* defined as in Definition 5.11, the diagram 



(12) commutes. 



Proof. The argument is similar to the proof of Theorem |4.6| In the course of the proof, we will 
extend t*: W s -> W s , to a map Hom(H(E), iV(E)) -»■ Hom(iT(E'), N(E')). We can then use 
the original definition of rs to verify naturality for 4 > and it remains only to check that 4 does in 
fact restrict to 1*. 

First, assume that 1 is a simple capping, so that E' is obtained from E by attaching a disk to 
the separating component Zj. Since Zj was separating and thus represented by Q £ T(E), we have 
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H(E') = i?(E), and the natural map N(T,) — > iY(E') is surjective with kernel generated by zj. Thus 



the exact sequences defining rs and t%> are related by the following diagram (13): 



Z 



1 >7V(E) >E(E) 



->1 



(13) 



->#(£') 



+ #(£') 



->1 



1 1 

It follows that rs'(^) = t^O^K^O) f° r V 9 ^ ^(E), where 4 is the map 

4: Hom(F(E),iV(E)) ->■ Hom(iT(E'), iV(E')) 
sending / £ Hom(.ff(E), iV(E)) to the composition 

t'J; H(Y!) - #(£) M iV(S) -» iV(E'). 



The restriction of 4 to We has kernel -ff(E) (g) ^ and coincides with as defined in Definition 5.11 
verifying the theorem in this case. 

Now, assume that i i s no n-collapsing. In this case the induced map : -/V(E) — > N(T,') is 
an injection by Theorem 



3.2 



Recall that the U are the components of E' \ E, labeled so that 
U{ intersects E in the boundary component Zi. Each Ui inherits the structure of a partitioned 
surface from E', and since the resulting partition is totally separated, the inclusion Ui — > £' is 
uniquely determined. Identifying -ff(E) with its image in H(T,'), we have an orthogonal splitting 
if(E') = H(E) © i i7(C/j). We use this to define 4 as follows. Given a homomorphism / £ 
Hom(i?(E),iV(E)), let i'J € Hom(.ff (£'), N(Y!)) be the homomorphism defined by: 



i*(f(x)) ifxGF(E) 
5 l {f)Ax if xeH(Ui) 



(14) 



The term 5i(f) A x here is taken in /\ i^(E') < iV(E'). The proof that (12) commutes with this 



definition of 4 is exactly the same as the proof of Theorem 4.6 It remains to check that 4 
restricts to We as in Definition 



5.11 



If {a|, bl} form a symplectic basis for H(U), we can rewrite 

Definition 15.111 as: 

Si(f) ® * -> Si(f) ® 4 Abi + Yl z i) + E 4® % A *(/) + % ® StV) a 4 (is) 



H + z] 



Zi in iV^E'), so (15) agrees with (14) 



But we have already noted that 
on i?(S). The remaining summation corresponds to the homomorphism defined on H(Ui) by 
a\ I—?- 5i(f) Aa-,fe; i y —bl A (5i(/), which is just x t-t 5i(f) A x, so again (15) agrees with (14). □ 
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Moving the basepoint. Consider the case when £ and £' are the same partitioned surface, 
differing only in that the basepoint of £' lies in Pi £ V instead of Pq. 

Lemma 5.13. //£ and £' coincide as partitioned surfaces except that *' S Pi, then 

Ts'(<p) = te(<p) - di(tp) Aw. 

Proof. Recall that an isomorphism tt — > tt' is given by x \— > x = A^ x xAi. We saw in ^ 
that ip(x)x~ l = [d; L {ip)~ l , ip(x)]ip(x)x^ 1 . Comparing te(</?) G Hom(i/(£), A^E)) with rjy S 
Hom(#(E'), JV(E') along the induced isomorphisms il(£) 9* #(£') and iV(E) ^ iV(E'), this 
gives that that 

r S /((/?)(x) = Tz(<p)(x) - di((p) A x. 

The homomorphism x t-t —di{tp) A x in Hom(//(E), /\ 2 H(T,)) is represented by —di(tp) <%> a; G 
//(E) (8) /\ 2 /T(E), verifying the lemma. □ 



Viewing r as a natural transformation. We can sum up the properties of rs by interpreting 
it as a natural transformation as follows. We have already noted in Section |2.3| that I can be 
considered as a functor from TSurf to AbGrp (the category of abelian groups and homomorphisms) , 
defined on objects by E 1— > Z(E) and on morphisms by 1 1— > i*. Let W be the functor from TSurf 



to AbGrp defined by W(E) = Ws and W(i) = 1* as in Definition 5.11. Then we can rephrase 
Theorem 15.121 as follows: 

Theorem 5.14. Assigning to each surface E the surjective homomorphism te : X(E) — > We gives a 
natural transformation from the Torelli functor X to the functor W . 



6 Fundamental calculations and surjectivity of rs 

We calculate rs in a number of fundamental situations, including the natural "point-pushing" 
subgroups. Using this, we prove in Section 6J3 that We is exactly the image of te- These results 
are used in Section 



6.1 Separating twists 

Let E be the surface Sb,n with the totally separated partition. The homology group H(T,) is trivial. 
It follows that the range We of te is trivial, so that te(<p) = for any (p E 2^(E). Applying the 
naturality of te, we obtain the following corollaries, which apply to any partitioned surface. 

Proposition 6.1. For any separating twist T 7 , rs(T 7 ) = 0. 

This is because any Dehn twist T 7 is supported on the annulus which is the regular neighborhood 
of 7, and this annulus So, 2 has the totally separated partition exactly if 7 is a separating curve. 
More generally, we have the following. 

Proposition 6.2. IftpG 2^(£) is supported on a totally separated genus subsurface, then te(<p) = 0. 
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6.2 Bounding pair maps 

Let E be a surface So,3 of genus with 3 boundary components zq, z±, and Z2, endowed with the 
partition V = {{zq}, {«i, 02}} and basepoint * E Zo- Let </j = T 0l T~ . This is a bounding pair, and 
E is the minimal connected surface on which is supported. The surface E has genus 1 with 2 
boundary components, zq and zi. Its fundamental group has rank 3, and we may take the basis 
{a,(3X} so that the first two terms descend to a basis {a, b} for H(E), and ( descends to z = Z\ 
in iV(E). For an appropriate choice of generators we have if (a) = a and <f((3) = f3C,~ 1 -, so Ts((p) is 
defined by a 1— > and 6 1— >• — z. In the notation of Section [5.6| we have 7s(y) = a A z in VF^. The 
same argument applies when the basepoint lies in z\. Since every bounding pair in a partitioned 
surface E sits inside at least one such Sq 3 (for example, the regular neighborhood of the curves 
together with an arc connecting them), we can apply the naturality of to obtain the following 
corollary. 

Proposition 6.3. Given a bounding pair T^T^ 1 defined by nonseparating curves 7 and 5, let £ be 
an separating curve which cobounds a pair of pants with 7 U 5 as oriented curves^ Let a be the 
homology class 0/7, and let z be the class of £ in iV(E). Then we have ^(T^Tr 1 ) = a A z in Wg. 

Note that changing the orientation of all three curves negates a and z, and thus preserves a A z. 
Similarly, choosing £ on the other side of 7 U S changes z by a term of the form a A b, so a A z is 
unchanged. 

6.3 Lantern core maps 

We say that a and j3 span a lantern core if their geometric intersection number is 2 and their 
algebraic intersection number is 0. A lantern core map is the commutator [T a ,Tg] of Dehn twists 
around two such curves. Since a and (3 have algebraic intersection 0, T a and Tp act on -ff(E) by 
commuting transvections. It follows that [T^Tg] E Z(E). Such maps were first used by Johnson in 
[7]; they are called simply intersecting pair maps in Putman |10j . 




Figure 1: The simple closed curves a and (3, and the arcs B\, B2, -B3. 

The regular neighborhood of two such curves is always a lantern, so it suffices to compute rs for 
E homeomorphic to So,4- To begin, we say that a and f3 span a nonseparating lantern core if a U j3 
is "P-nonseparating; that is, the induced partition on the regular neighborhood So,4 of a U (3 is the 

2 This means that the curves are oriented so that the pair of pants lies on the left side of £ and the right side of 7 
and 8, or vice versa. 
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Figure 2: The arcs f(Bi),if(B 2 ) and ip{B%). 



nonseparating partition. Let a and j3 be as in Figure O and let 01,02,03 be the homology classes 
in H(T,) of the three boundary components in the center. 

Proposition 6.4. If a and /3 span a nonseparating lantern core, then Tz([T a ,Tp]) = —a\ A a 2 A 03. 

Proof. The surface £ has genus 3 with 1 boundary component. A basis for tt is given by curves 
ct\,a 2 , 03 traveling clockwise the three central boundary components, together with curves Pi, /3 2 , 03 
whose intersection with E are the arcs B\,B 2 ,B 3 respectively, oriented bottom-to-top. These 
descend to a basis {ai, a 2 , 03, b±, b 2 , 63} for H(E). 

Let if = [T a ,T/3]. Since a\, a 2 , and 03 are contained in Dq, we have 

teOpXoi) = Ts(<p)(a 2 ) = T£(</?)(a 3 ) = 0. 



The action of if on the arcs Bi is displayed in Figure 6.3 Thus we have: 



B\ ^ \ct\a 2 a x x , a^\B\ 

B 2 ^\cq x ,a{ x \B 2 (16) 
S3 \^ [a^ ci^ a^^aia^ a± \B$ 



It follows that: 



TT,(f)(h) = a 2 A a 3 

T~z(f)(b 2 ) = (-03) A (-01) = a 3 A ai 

7"s(^)( fo 3) = (-01) A (-a 2 ) = ai A a 2 

Thus as an element of W s = /\ 3 H(Z), we have Ts(y>) = — ai A a 2 A 03, as desired. The naturality of 
rs implies that the same formula holds for a nonseparating lantern core in any surface E. □ 

From the same computations we can deduce that any other lantern core map is contained in 
the Johnson kernel /C(£). Indeed for any other surface E = (So4,V, *) for which V is not the 



nonseparating partition, the rank of D(£) is at most 2. Thus f\ -D(E) = 0, so by Remark 5.8 
TY,{f) is determined by the di(ip) G H(T,). But we saw in (16) that f(Bi)B^ € [vf,vr] for each i, 
and so di(ip) = for all i. 

Corollary 6.5. If a and j3 span a lantern core which is not nonseparating, then Ts([T a ,T^\) = 0. 



22 



6.4 Disk-pushing subgroups 

In this section we determine the restriction of to certain "disk-pushing" subgroups of X(£). Let 
£ — > E' be a simple capping obtained by attaching a disk to a separating boundary component 
z = z%. In particular, we assume that £ has at least two boundary components, and that * is not 
contained in z. Such a capping induces a surjection Mod(£) — > Mod(E'), whose kernel is isomorphic 
to -K\{UTS' , w), where t> is a unit vector at the center of the disk glued to z (Johnson [6]). 

Remark 6.6. The conventions for composition in Mod(£) and in tti(UTS', v) unfortunately 
disagree; in the former we take composition of functions and in the latter we take concatenation 
of paths. As a result, the isomorphism of ker(Mod(£) —> Mod(E')) with tti(UTS', v) is defined as 
follows. Given ip £ ker(Mod(£) — > Mod(£')), extend ip by the identity to S'; by definition, there is 
an isotopy hf of S' from Kq = ip to hf = id. Since tp fixes v, the image of v under this isotopy is a 
loop of tangent vectors, and we associate to ip this loop j v := hf (v) £ iri(UTS', v ). Note that given 
another map ip fixing v, hf o ip satisfies hf o ip{v) = hf(v). Thus an isotopy from (p o ip to id can be 
obtained by concatenating the isotopy hf o ip from ip o ip to ip with the isotopy hf from ip to id; the 
path this determines is the concatenation 7^-7^,. This verifies that 7^0?/; = 7^ • lip- We remark that 
this isomorphism is the opposite of the identification naively suggested by the "disk-pushing" label. 

Proposition 6.7. For a separating component, the entire disk-pushing subgroup n\(UTS', v) is 
contained in X(£). 

Proof. Note that we have -ff(E') — -#(£), since z is separating and thus vanishes in homology. For 
any curve C in S and any ip £ iri(UTS', v), the curve tp{C) is homotopic to C in S' , which implies 
that (p(C) is homologous to C in -ff(E). Thus <p 6 X(£) as desired. □ 

We may thus consider the restriction te : -K\{UTS\v) — > 

Proposition 6.8. The restriction of to the disk-pushing subgroup determined by Z{ is the 
composition 

ker (1(E) X(£')) « TTi{UTS',d) -» TTi(S',d) #(£') « il(£) W E , 
where the last map is the embedding H(Y>) <^-> Wy, defined by x 1— > —2; A Zj. 

Let d S 5" be the projection of n £ UTS' . Given 7 £ tti(UTS', v), let 7 be its projection to 
ni(S',d). 

Proof. For any 99 6 ker(Z(£) — >■ Z(£')), the naturality of implies that te((/j) 6 ker(Ws - >• Wei). 



For a simple capping £ — >• £', by Definition 5.11 the map VFs — > Ws' is induced by the quotient 



iV(£) -» N(T,)/(zi) = N(T,'). We thus know a priori that ts(v?) must be contained in the subspace 



{x A Zi\x € ff(£)}. By Theorem 5.5 we thus have 

Tz((p) = di(ip) A Zi. 

Thus it suffices to prove that if tp £ ker(X(E) — > X(E')) corresponds to 7^ £ iri(UTS', v), we have 

di(f) = -[%}■ (17) 

Recall that di(tp) is the homology class of cp(A)A~ 1 where A = Ai is an arc from the basepoint to 
Zi. Since H(T,) ~ H(E'), we may consider ^4 as an arc in 5' from the basepoint to d. If 7^ is simple 
and disjoint from A as a based loop, then (p(A) will be homotopic in S' to the concatenation A-j^^ 1 . 
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Note that if 7^ is simple, we can always choose A disjoint from it. For such elements, we have 
<p{A)A~ 1 = A-^~ x -A~ x . This is homologous in S' to = -[%], and since iT(E') ^ H(T,) this 



implies that [y?(.A).A ] = —[7^] G Thus for such elements (17) holds and Ts{<p) = —[lip] A z. 



The kernel ker(7ri([/TS", v) — >■ iri(S' , d)) is generated by a twist around the boundary component 



£j. By Proposition 6.1 rs vanishes for any separating twist, so ( |17| ) holds for this element as well. The 
group 7Ti(5', d) is normally generated by (in fact, generated by) elements represented by simple loops. 
It follows that tti(UTS',v) is normally generated by 7 for which 7 is either simple or trivial. Since 



( 17) holds for generators of either form, it holds for all elements of ker(Z(£) -4 Z(S')) ~ tti(UTS' , v). 



This completes the proof of the proposition. □ 
Remark 6.9. Note that for many surfaces S, the subgroups iri(UTS' ,v) is generated by bounding 



pairs, so we could obtain another proof of the proposition by applying Proposition 6.3 This was 
the approach used by Johnson to prove the proposition in the classical case when S has a single 
boundary component. In fact the proposition is almost automatic in this case: the restriction of ts 
to the point-pushing subgroup iri(UTS' ,v) is a map to the torsion-free abelian group /\ i H\(S; Z), 
so it factors through the surjection iti(UTS', v) -» Hi(S;Z), and moreover extends to a map 
#i(5;Q) -> A 3 #i(S;Q). Since #i(5;Q) is an irreducible Sp 2g Z-module and /\ 3 Hi{S;Q) contains 
a unique submodule isomorphic to Hi(S; Q) (embedded by x 1— > x A cj), Schur's lemma implies that 
the proposition holds up to a multiplicative constant. This constant can be detected by computing 
ts for a single element. 

6.5 Surjectivity of 

To complete the proof of Theorem |5.7[ it remains to show that im ts is all of Wy, • Recall that the 
projection We — > (Z)(S)- L ) fc defined by / 1— > (6i(f), . . . ,Sk(f)) fits into an exact sequence: 

-4 A 3 ^)^ -> -4 (-D(S) ± ) fe -4 

Fix a symplectic basis {aj,5j} U {a*, 6*} for -ff(X) so that {a*} provides a basis for Dj, each a* is 
represented by a boundary component, and {a,, 6j} U {aj} provides a basis for L)(S) _L . 

The image imrs surjects to (D(H)- L ) k . Fix J > 1 and let r/j be the "P-separating curve cutting 
off a subsurface of genus bounded by rjj together with all the boundary components lying in Pj. 
We will show that for any x G {aj, bi} U {a*} that we can find cp G Z(S) with rs(y) = 2; A ryj. Note 
that r\j = [aj, 6j] + • • • + [oj J , b™ J ] + £j in -ZV(E), so f = x A rjj has <5j(/) = x and <5j(/) = for 
j 7^ J. Since these x span D(X)- 1 -, this will verify that imrs surjects to (Z^S)- 1 )^ 

First, consider the case when x = Oj. Let 7 be a curve homotopic to Oj, and let 5 be the band 
sum of 7 with rjj. The homologous curves 7 an d 5 determine a bounding pair T^T^ 1 and cobound 



a pair of pants with rjj, so by Proposition 6.3 we have rs(T 7 T 5 1 ) = a l j A r/j 



For the remaining cases, let Sj be the component of S — rjj containing the basepoint, and 



consider the disk-pushing subgroup of X(Sj) determined by rjj. By Proposition 6.8, we can find 



tp G Z(Xlj) with TSj(ip) = x A rjj for any x G if(Sj) in the image of tti(Sj). It is easy to realize 



5.12 



to 



1 by a loop in Sj whenever x is any <2j, any bi, or any a*- with j 7^ J. Applying Theorem 
the non-collapsing inclusion of Sj into S, this yields cp G Z(S) with Ts(ty?) = x Arjj for such x, as 
desired. 

The image imrs contains /\ 3 Z?(S)- L . Consider the natural basis of f^DCE) 1 - induced by the 
basis {en, bi} U {cij} of -D(E)- 1 -. First, consider the basis elements of the form x A aj A bj for some / 
and some other basis element x. Realize 07- and bi by simple closed curves intersecting once, and let 
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r\i be the regular neighborhood of their union. Let Sj be the component of S — rji containing the 
basepoint, and consider the disk-pushing subgroup of determined by r\i. Any x in our basis 

distinct from aj and bj can be realized by a loop in Si, so by Proposition 6.8 we can find cp G Z(E/) 
with T£ 7 (y?) = x Ar/i. Since r\i = a\ A bi in N(E), applying Theorem 5.12 to the non-collapsing 
inclusion of Ej into E implies that te(</t) = x A aj A 6/. 

Any other basis element is of the form x A y A z where (x, y) = (y, z) = (z, x) = 0. We may 
thus realize these homology classes by disjoint curves a,/3,7. Let 5 be the band sum of all three 
curves (to be precise we should specify orientations, but this will only change the answer by a sign). 
We obtain a lantern 6*0,4 bou nded by a, f3, 7, and 5. If cp is a lantern core map supported on this 
lantern, then by Proposition 6.4 r^(cp) = ±x A y A z. This verifies that a basis for /\ 3 D(S)- L is 



contained in imrs. Together with Theorem 5.9 this completes the proof of Theorem |5.7| and shows 
that the image of rs is exactly We- □ 



7 Orbits of curves under /C(S) 
7.1 /C(£)— orbits, abstract description 

In this section, we give an abstract description of the space of /C(E)-orbits of a multicurve; this 
allows us to give concrete invariants in the sections that follow. A multicurve 7 is just a collection 
of disjoint simple closed curves. Note that if multicurves 7 and 8 are to be in the same /C(S)-orbit, 
they certainly must be in the same Z(E)-orbit. 

Theorem 7.1. For any multicurve 7 on S, the space of /C(S) -orbits within the I(T,)-orbit 0/7 is 
X{S)-equivariantly isomorphic to an affine space modeled on the abelian group Ws/te (Stab(7)). 

Recall that an affine space A modeled on an abelian group G is a set A endowed with a relative 
invariant d(a, a') G G satisfying: 

• d(a, a') + d(a', a") = d(a, a") 

• d(a, a') = <?=^ a = a' 

• d is surjective 

Proof. Given two collections of curves 5 and S lying in the Z(£)-orbit of 7, choose cp G Z(E) so 
that v 3 ^) = 5 . Then the relative invariant is defined by 

df(S,t) = [teM] G WtyT£(Stab(7)). (18) 

First, we check that this is well-defined. If we had chosen another cp' G Z(£) with (^'(t^) = 5 , 
we would have cp cp'{5) = 5, so cp~ 1 cp' G Stab(<5). This is conjugate to Stab(7), so since te is a 
map to an abelian group we have te(v? _ V) £ T"s(Stab(7)). It follows that [te(</>)] = [te(</>')] £ 
WE/TE(Stab(7")), as desired. The equivariance follows similarly: if </?(<5) = 5 , then we can compute 

d^(5),4>(5')) = [r^-cp.^- 1 )] = [teH] = d 1 (S,8'). 

Finally if dy(6, S) = 0, then choosing cp for which cp{8) = 8 we have [te(v)] = 0, so rs(cp) G 
TE(Stab(7~)) = TE(Stab(<5)). We may thus choose ifi G Stab(<5) with te(V') = T Y:(^p)- Then cpip~ l 
satisfies cpi[j~ 1 (8) = cp{8) = 5 , and also T^(cpi[) ~ 1 ) = 0, verifying that 8 and (5 lie in the same 
K(E)-orbit. □ 

In the remainder of Section [7] we give an explicit and computable version of this identification 
for the most useful types of configurations of curves. 
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7.2 Image of the symplectic representation 

In this section we describe the image of the mapping class group Mod(S) under the symplectic 



representation. This generalizes results proved in Johnson [5], and will be used in Sections 7.3 and 
1721 



As described in Section 2.2 Mod(S) naturally acts on H(Y,), yielding the so-called symplectic 
representation \I> : Mod(S) — > Aut(ff (£)). In this paper we only need to compute the image of ^> in 
Aut(H(T,)). However, the proof also determines the image of the action of Mod(S) on H (£) ®Z/LZ 
for any L G Z. We abbreviate this by H(E;L) := H(Y<) (£> Z/LZ, and denote the representation 
^: Mod(E) Aut(.ff(£; L)) by ^ as well. We often identify Z with Z/OZ and use the notation 
H(T,;L) for both cases. As above D = -D(X) < -ff(E) is the isotropic subspace spanned by the 
homology classes of the boundary components; we denote its image in H (£; L) by D as well. 

Lemma 7.2. The image o/Mod(S) under the symplectic representation is Sp(H(T,),D), those auto- 
morphisms of -ff(S) preserving the intersection form and fixing the subspace D. 
Similarly the image o/Mod(S) in Aut(-ff (£; L)) is Sp(i^(S; L), D). 

Proof. Since Mod(S) preserves the symplectic form on .ff(£;L) and fixes the boundary components 
representing D, v &(Mod(S)) is clearly contained in Sp(H (T,; L) , D) . It remains to show that the 
image of Mod(S) is all of Sp(ff(£; L), D). 

We proceed by induction on rankD = |-7ro(55)| — \V\. The base case is when V is totally 
separated and D is trivial. In this case the map Mod(S) — > Mod(S') is surjective, and it is a classical 
fact that *(Mod(5)) = Sp(#i(S)) = Sp(if(E)). The natural map Sp(#(£)) -> Sp(fT(S; L)) is also 
surjective for any L. This fact must be well-known; for one proof, Hahn-O'Meara [31 Theorems 4.3.9 
and 9.2.5] show that Sp(if(X; L)) is generated by elementary matrices (since TLjUL is a semilocal 
ring), and elementary matrices can be lifted to Sp(i2"(£)). 

For the inductive step, some component P G V is nontrivial; choose two components zq, z\ from 
P, and let a E H(E; L) be the homology class of z\. Let 7 be a curve cutting S into two components, 
the first component a pair of pants bounded by Zq, z±, and 7, and the second component a subsurface 
S" of S. Choose a curve j3 contained in S \ S' intersecting zq once and z\ once, with homology class 
b G H(Ti). The key is that we now have a decomposition 

H(E;L) = (a,b) H{Z';L) 

where both factors (a, b) and H(T,'; L) are symplectic subspaces, and since a and b are represented by 
curves disjoint from H(Y,'; L), this decomposition is orthogonal. Note that if D' = D(T,') < H(T,'; L) 
is the isotropic subspace spanned by boundary components of S' , we have that D' = D n H(T,'; L). 

It now suffices to show that for any ip G Sp(ff(S; L), D), we can find (p G Mod(S) so that 
<p(b) = ip{b). This is proved below, but first we complete the argument. Consider the automorphism 
tp" 1 ^; it lies in Sp(i7(S; L), D) and fixes a and b, so we may restrict it to the complement H(E'; L). 
Its restriction lies in Sp(H(T,';L),D'). Applying the inductive hypothesis to there is some 
if' G Mod(S') inducing ^ _1 V' on H(E';L); it follows that tptp' G Mod(S) induces tp, as desired. 

It remains to find tp G Mod(E) with <p(b) = ipib). For each P G V, choose a separating curve 
bounding a genus subsurface with all the components in P. Let So be the core subsurface cut off 
by these curves; note that Vq is totally separated, and that H(T,q; L) is a symplectic subspace of 
if(S; L). We can extend {a} to a basis {a, 02 ... , a^} for D such that each <Xj is represented by a 
boundary component Zi with the orientation induced by S, and (b, Oj) = for all i > 2. The fact 
that ip is in Sp(iJ(E; L), D) implies that ip(b) = b + ma + ^ miai + c for some c G i?(So; L) and 
to, TOj G Z. We find a series of Dehn twists taking b 1— >• b + ma + ^ TOjOj + c; we remark that these 
twists will commute in their action on b. 
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If L = 0, we can write c = nco for some primitive vector cq £ H(T,q); if L 7^ 0, lift c £ -ff(Xoj L) to 
c£ -ff (So) and take c = nco- By Meeks-Patrusky [8], Co can be realized by a simple closed curve in So, 
and by plumbing this curve with z\ along an appropriate arc, we obtain a simple closed curve j a +c 
representing a+co in H(F,; L). Since (6, a + co) = 1, we have that T™ a+c ^ (b) = b+na + nco = b+na+c 
in H(T,; L). By plumbing Z\ and along an arc, we obtain a simple closed curve 7 a + ai representing 
a + aj (here we use the condition on the orientations of the en). Similarly we have (b, a + <Xj) = 1 
and thus TJ^- (b) = b + rriia + mjOj. Finally, note that T™(b) = b + ma. Note that, as mentioned 
above, all these twists commute in their action on b. By direct calculation we have: 

_ Em o...oT™i oT™ (&) = Hma + y mifli + c = #). □ 

We remark that this lemma holds even when the genus of £ is or 1; in the former case D 
is a maximal isotropic subspace of H(Y<) and Sp(H(T,), D) is isomorphic to the abelian group Sym 2 D. 

We have the following corollary, which applies to the subspace of homology supported on S and 
is used in the next section. This corollary generalizes Lemma 5 of Johnson [5j. As before, let be 
the subspace of -H^X; L) spanned by Hi(S) and let D < be the subspace spanned by boundary 
components. is a primitive subspace of H (X; L) and inherits an intersection form, which is no 
longer nondegenerate; we have 

D = rad(# s ) = {i£ H^Vy £ # 2 : (x,y) = 0}. 

Corollary 7.3. TTie image of Mod(S) in Aut(-ffs) is Sp^H^, D) , those automorphisms of 
preserving the intersection form and fixing the subspace D. 



Proof. Deriving this corollary from Lemma 7.2 is a matter of linear algebra. Note first that Hy, = D , 
the orthogonal complement of D in H(T,;L). Thus Hy, is preserved by Sp(H (T,; L) , D) , yielding a 
restriction map Sp(i^(S; L), D) — > Aut(-ffs) whose image is contained in Sp(Hj], D); the claim is 
that this map is surjective. This is equivalent to the general fact that any automorphism tp of Hy 
fixing D may be extended to an automorphism ifi of H(T,; L). This fact must be well-known, but 
we include a proof for completeness. 

Choose arbitrary complements Hy = A © D and H (£; L) = Hy © B so that H(T,; L) = 
A © {D © B) is an orthogonal decomposition into symplectic subspaces A and D © B. Note the 
symplectic isomorphism H = H* restricts to an isomorphism D* = B. Consider the quotient 
Hy/D = A; the composition Sp(i?(S; L), D) — > Sp(H^,D) — > Sp(A) admits an obvious section 
Sp(^4) — > Sp(i/(E; L), D) by extending by the identity on D © B. We may thus assume that the 
automorphism ip £ Sp(Hy, D) induces the identity on A. There is then some / £ Hom(j4, D) so that 
ip(a) = a + f(a) for all a £ A. Consider the transpose f T £ Hom(L>*, A*) = Rom(B, A). Extend tj) 
to B by ip(b) = b — f T {b) for all b £ B. To see that ^ is an automorphism of H, it suffices to check 
that it preserves the pairing for elements b £ B and v £ Hy- For 6 £ B and d £ D, we have 

$(&),£(<Q) = (6-/ T (6),d) = (6,d) - (/»,d) = (M) 
since f T (b) £ A C -D -1- . For 6 £ and a £ j4, for which (b, a) = 0, we have 

$(b),${a)) = (b-f T (b),a + /(a)) = (6, /(a)) - (/ T (6), a) = 
by the definition of / T . Thus ^ is an automorphism of H(T,; L), as desired. □ 
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7.3 Orbits of nonseparating twists 

Let S = S = S g> i, so that H(S) = H±(S). We first consider nonseparating curves in S, which 
are always considered to be oriented. It was known to Johnson [5] that two nonseparating curves 
are in the same X(S')-orbit if and only if they are homologous. We thus consider two homologous 
nonseparating curves A% and A2 with homology class a E H(S), and ask when they are in the same 
£(S)-orbit. 

Note that a is nonzero, and is primitive in H(S); a 1 - < H(S) is the subspace 

{x E H(S)\ (a,x) = 0}. 

By a L A a 1 - we mean the subspace of H{S) A H{S) spanned by x A y for x,y E a , and by 
a A a 1 we mean the subspace spanned by a A y for y E a -1 . Since (a, a) = 0, A o 1 is contained 
in a -1 A a -1 . Finally, we say that a simple loop based at * E dS is clockwise- oriented if upon 
identifying a neighborhood of * with the upper half plane, the tail of the loop (leaving *) is to the 
left of the head of the loop (returning to *). The motivation for this condition is that any two 
nonseparating clockwise-oriented simple based loops lie in the same orbit under the mapping class 
group; without this condition, it is clear that a clockwise-oriented loop is never equivalent to a 
counterclockwise-oriented loop. Let ir = TVi(S g: i,*) and let Tj = rJ(XJ) be its lower central series. 

Definition 7.4. Given two homologous nonseparating curves A\ and A2 with homology class 
a E H(S), we define d a (Ai,A2) E (a 1 - Aa^/faAa 1 ) as follows. 

Represent A\ and A2 by simple based clockwise-oriented loops a\,ai- Since [a\] = [02] = a in 
H(S) = T1/T2, it follows that a2a^ 1 lies in T2- Consider its class 

t a {ax, a 2 ) := [a 2 a^} E r 2 /r 3 = N(S) ~ H(S) A H(S). 

We will see below that t a (A\,A2) is always contained in or 1 A tr 1 < H{S) A H{S). We define 
d a {Ai, A%) to be the projection of t a {A\, A2) to (a 1 - A a _L )/(a A a -1 ). 

Remark 7.5. The loop Q2 representing A2 is not uniquely defined, but any other representative a' 2 
satisfies a' 2 = C a 2^ 1 i n ^1 where (a, = 0. The difference between t{a\, a 2 ) and t(a±, a' 2 ) is thus 
equal (modulo Tg ) to [a2,£], which corresponds to a A [£] under the identification T2/r3 = H A H. 
The same argument applies to a\. Since aA[^] E aAa 1 , it follows that d a (^4i, A2) E (a 1 Aa 1 )/(aAa 1 ) 
is well-defined regardless of the choice of representatives. 

Theorem 7.6. A\ and A2 lie in the same JC(S)-orbit if and only if d a (A\, A2) = 0. 



Proof. Our goal is to prove that d a {A\, A2) as defined in Definition 7.4 agrees with the abstract 



invariant defined in (18). We first compute t$ (Stab (a)). Fix a homology class b with (a, b) = 1, 
and note that 

W s = f\ 3 H = AV b®/\ 2 a ± . 

Let E = (S g -i : 3,V,*) where V is of the form {{zo}, {a±, 02}} and * E z$. Note that S = S 9j i = S, 
and any mapping class stabilizing a lifts (non- uniquely) to S. Conversely, extension by the identity 
gives a surjection Mod(S) — > Stab(a); by Paris-Rolfsen [9, Theorem 4.1 (iii)] , the kernel of this 
surjection is cyclic, generated by T ai T~^ . Let z\ be the boundary component of £ corresponding to 



Pi = { a i 5 <32}. By Theorem 5.7, noting that D(T,) = (a), we have 

-»• AV -»• a- 1 
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Since Mod(S) 

t* : Wf, — > Ws defined by 81(f) Azi >->■ 0. But condition (II) of Definition 



Stab(a) is surjective, Theorem 5.12 implies that rs(Stab(a)) is the image of the map 

implies f(a) 



5.6 



81(f) Aa; 

it follows that the kernel of t* is cyclic, spanned by a Azj. (Note that T^,(T ai T~ 2 2 ) = a A z\ by 

The first factor /\ 3 a J 



Proposition 
isomorphica 



6.3 



so we knew this must lie in kerz*.) 
ly to A 3a_L ; the other factor a^/a is embedded as b 



< Wg is mapped 
81(f) A a in b®f\ 2 a ± . In 



particular, we have an isomorphism 



W s /r s (Stab(a)) 



A a L I a A a J 



defined by sending 



/e W S 



1 ^ 



/(a) G a" 1 A a 1 /a A a J 



(19) 



At this point we need the following lemma: we can find ip G 2T(£) so that <fi(ai) = 0(2- For 
unbased loops this was known to Johnson [5], who proved that for nonseparating curves Ai and 
A2, there exists ip G 2^(X!) with <p(Ai) = A2 if and only if [Ai] = [A%\. His argument extends to 
based loops without difficulty, as we now sketch. The classification of surfaces implies that we 
may find ip G Mod(S) such that ip(a\) = a 2, as discussed before Definition 7.4 It suffices to find 
ip' G Stab(ai) with ^(tp) = ^(ip'), for then ip o ip'~ x is contained in X(S) and takes ai to «2- The 
fact that ip(a.i) = ai implies that ^(ip) fixes a G H(T,). But Stab(ai) is the surjective image of the 
mapping class group Mod(S' — ai) of the cut surface S — a±. By Lemma 7.2 (or a slight variant), 
the image (Mod(S' — «i)) is all of Sp(H(S), a), so we may find some ip' in Mod(5' — ai), and thus 
in Stab(ai), with ty(ip') = ^(ip) as desired. 

Now choose tp G X(E) so that ip(ai) = 0.2- The invariant d a (Ai,A2) defined in (18) should by 
(19) be equal to Ts((f)(a). By Definition |5.2| this is the class of ip(a{)a^[ l = a2a^ 1 , which coincides 
with d a (Ai, A2) as defined in Definition 7.4 □ 



7.4 Orbits of separating twists 

We let E = S = S^i, and now consider separating curves in S. A separating curve C has a canonical 
orientation, by taking the boundary dS to be on the right side of C. The curve C separates S into 
two components S± and S2, where S2 contains dS, and we define Vc < H(S) to be the subspace 
of H(S) spanned by -Hi (Si); this induces an orthogonal splitting H(S) = Vc © Vq. Johnson [SJ 
Theorem 1A] proved that two separating curves C\ and C2 are in the same X(5)-orbit if and only 
if the subspaces Vc 1 and Vc 2 coincide. (Just as for nonseparating curves, this can be extended 
to simple based loops using Lemma 7.2.) We thus consider two separating curves Ci and C2 
with Vc\ = Vc 2 = V, and ask when they are in the same /C(5)-orbit. Recall that u v G /\ H(S) 
represents the restriction of the symplectic form oj to the symplectic subspace V. 

Definition 7.7. Given a symplectic subspace V < H, let 

Y v := (V ® AV 1 ) © (V 1 - © A 2 V)- 
Note that V 1 - embeds in the second factor of Yy as V 1 - © uiy < V 1 - © /\ 2 V; define 

X v :=Y v /(V L ®u v ). 

Given two separating curves C± and C2 with Vc 1 = Vc 2 = V, we define dy(Ci, C2) G Xy as 
follows. Represent Ci and C2 by simple based loops 71,72- It is known that for a separating curve 
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we have Ji £ T2, and furthermore that [71] = [72] = wy under the identification 
It follows that 727^ 1 lies in T3, and we consider its class 

Win, 72) : = [727f 1 ] g r 3 /r 4 . 



/\ 2 H(S). 



By Proposition 3.5, r 3 /r 4 is isomorphic to (H{S) © /\ 2 H(S))/(/\ s H(S)). Since Yy is disjoint from 
/\ 3 H(S) as a subspace of ff(S') © /\ 2 H(S), this quotient restricts to an identification of ly with a 
subspace in Ts/r^ It turns out that £(71, 72) will lie inside this copy of IV, and we define dv(Ci, C2) 
to be the projection of 4(71,72) to Xy = Yy /{V 1 - © uiy). 

Remark 7.8. The loop 72 representing C2 is not uniquely defined, but any other representative 
7 2 satisfies 7 2 = ^72^ _1 m r, where [£] E V^. The difference between 4(71,72) and 4(71, 7 2 ) is 
equal (modulo r 4 ) to [72,^], which corresponds to — [£] © [72] under the identification of Yy with 
a subspace of G3/G4. We noted above that [72] = ujy in G2/G3 = /\ 2 H, so [£] (8) [72] G V -1 © wy. 
The same argument will apply to 71, and it follows that dy(Ai, A2) G Yy j (V 1 - ©wy) is well-defined 
regardless of the choice of representatives. 

Theorem 7.9. C\ and C2 lie in the same K,{S)-orbit if and only if dy(C\, C2) = 0. 



Proof. Our goal is to prove that dy{A\, A2) as defined in Definition 7.7 agrees with the abstract 



invariant defined in (18). Let C be a separating curve with Vc = V, and represent C by a simple 
based loop 7. We first compute Ts(Stabj(s)(C)). Let Si and £2 be the components of S — C; the 
surface £1 is Ski for some 1 < k < g, while the surface £2 is ^g-k,2 with the totally separated 
partition. Since C induces a splitting of H(S) preserved by StabMod(s)(C)> we have a decomposition 
Stab x(s) (C) ~ X(Si) x X(£ 2 ). Note that ff(Ei) = V, while #(£ 2 ) = V 1 , so Theorem |oT7| implies 



that that r Sl (X(Si)) ~ /\ F and tx 2 (I(L 2 )) ^ A ^ © V • Passing to the ambient surface S, 
Theorem 15=121 tells us that 



r 5 (X(Si)) = AV < tfHiS), 



r S (x(s 2 )) = A 3 ^ e f x a < A J #(S). 



We conclude that: 



W s /r(Stab(C)) ~ (V® A V x ) © (V^ © A V) / (V ± ®u v ) 



(20) 



It remains to check that the isomorphism (20) is computed by considering [92(7)7 G r3/T 4 . 



We will prove below that the homomorphism I(S) — > r3/T 4 defined by <p 1— > [97(7)7 x ] is equal 
to the composition: 



1(5) 4 Rom(H(S), A 2 H(S)) 4 if(5) /\ 2 H(S) 4 F © A^(^) -> r 3 /r 4 



(21) 



Here 7ry : H(S) © /\ 2 H(S) — > V ® /\ 2 H(S) is the projection induced by applying the orthogonal 



decomposition H(S) = V © V to the first factor, and the last map V® t\H{S) 
restriction of the bracket £1 (8) £2 — > £3. Note that 

v © A 2 # (S 1 ) = (A 3 ^) © {v © A 2 ^) © (v x © aV). 



T3/r 4 is the 



The bracket has kernel A H(S) by Proposition 3.5, which intersects V © A H(S) just in A V", so 



the image of the composition (21 ) is IV = (V ® A ^ ) © (^ © A ^) as claimed. 



We now verify that the composition (21 ) is computed by [92(7)7 ]. Write 7 = \a\, /3{\ ■ ■ ■ [«&,/?&]; 
there is some symplectic basis {a^, &i}i<«<3 OI " ^ so that the classes {[a<] = dj, [/%] = 6j}i<i<fc span 



30 



V. We will compute (^(7)7 1 just as in the proof of Theorem 5.9 Set rj^x) = x 1 (f(x) and note 
that G T2 for all x £ T. 



\i=l 



i=l 
k 

Y[[aiv<p(ui), A%(A)] 

i=l 
fe 

JJ[a», A]["ii%(ft)][%(ai), A] mod T 4 
i=l 

/ fc \ 
Y\[ a uV>p(Pi)][ r l<p( ot i)>Pi] •7 m °dr 4 



vi=l 



Thus [(^(7)7 x ] G r 3 /r 4 is represented by H i= i[oii,V'p(Pi)][v<p( a i)i A]- Since 77^ (a*) and ^(A) G T 2 
represent Ts(tp)(ai) and Ts(<p)(bi) G /\ 2 H, we see that [v?(7)7 _1 ] G r3/T 4 is the image of 



<H ® r(/)(6j) - &i ® r(/)(ai) G F ® A^(^) 



(22) 



under the bracket map. As in the proof of Theorem 5.9 the element (22) represents iry(Ts((p)), 
verifying the claim. □ 



5.9 



that T S (if) G f\ 3 H{S) 

viewed as follows. Let C be a separating curve of genus g, so that V = H(S). By Theorem 7.9 



Remark 7.10. In light of this theorem, our proof in Theorem 



<p(C) and C lie in the same /C(5)-orbit if and only if ts{<^>) vanishes in T3/r 4 , i.e. vanishes modulo 
f\ H(S). But since there is only one genus-g separating curve on S, we necessarily have <p(C) = C 
for any <p G I(S), and so we conclude that T S {ip) G f\ 3 H(S) for all ip G 1(S). 

Remark 7.11. We remark that more care must be taken when considering orbits of separating curves 
and multicurves when the partition on £ is not totally separated. Consider the lantern S = £0,4 
depicted in Figure 6.3, but with partition given by V = {{Aq, A2}, {Ai, .A3}}. Here Ai,A2,A$ 



are the three boundary components in the center and Aq is the outer boundary component. The 



two curves a and j3 depicted in Figure |6.3| are both "P-separating. Note that the complementary 
components U\ and U2 of S — a determine the subspaces (a\ = —as) and (02 = — ao) respectively, 
and the complementary components V\ and V2 of S — /3 determine the same subspaces. 

Nevertheless a and /3 do not lie in the same X(S)-orbit, as can be seen by considering the whole 
surface S. The complementary components of £ — /3 determine (a\, 63 — b\) and (02, 62}) while the 
complementary components of £ — a determine subspaces (01, 63 — b\ — 02) and (a 2 , 62 + This 
shows there is no element of Z(£) taking a to j3, and thus certainly no element of Z(£) taking a to 

A 
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